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Abstract
We prove that modular spaces Lρ have the uniform Kadec–Klee property w.r.t. the convergence
ρ-a.e. when they are endowed with the Luxemburg norm. We also prove that these spaces have the
uniform Opial condition w.r.t. the convergence ρ-a.e. for both the Luxemburg norm and the Amemiya
norm. Some assumptions over the modular ρ need to be assumed. The above geometric properties
will enable us to obtain some fixed point results in modular spaces for different kind of mappings.
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0. Introduction
In this paper we consider modular function spaces Lρ , where ρ is a convex additive
modular satisfying the ∆2-type condition. Our main goal is to prove that these spaces sat-
isfy certain geometric properties which let us deduce some fixed point results for different
classes of mappings. In order to do that we endow Lρ with either the Luxemburg norm or
the Amemiya norm. The convergence ρ-a.e. will be essential in our purpose.
The organization of this paper is the following: We begin by introducing the definitions
and notations which will be used later. In Section 2 we prove some technical results which
are our main tools throughout the paper. In Section 3 we prove that the modular space Lρ
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the convergence ρ-a.e. In Section 4 we prove that Lρ has the uniform Opial condition with
respect to convergence ρ-a.e. for both, the Luxemburg norm and the Amemiya norm. We
will show that our results extend some known facts about the uniform Opial condition in
the particular case of Orlicz spaces.
Finally, in Section 5 we apply the above geometric properties to obtain some fixed point
results in modular spaces for asymptotically regular mappings and mappings of asymptot-
ically nonexpansive type. We also obtain stability results for the fixed point property for
nonexpansive mappings defined on ρ-sequentially compact subsets of Lρ .
1. Preliminaries
We start by recalling some basic concepts about modular functional spaces. For more
information the reader is referred to the books [14] and [17].
Let Ω be a nonempty set and Σ be a nontrivial σ -algebra of subsets of Ω . Let P be a
δ-ring of subsets of Σ such that E ∩A ∈P for any E ∈ P and A ∈ Σ . Let us assume that
there exists an nondecreasing sequence of sets Kn ∈ P such that Ω =⋃Kn (for instance,
P can be the sets of finite measure in a σ -finite measure space). By E we denote the
linear space of all simple functions with supports from P . By M we denote the space of
all measurable functions, i.e., all functions f :Ω → R such that there exists a sequence
{gn} ⊂ E with |gn| |f | and gn(w) → f (w) for all w ∈ Ω .
Let us recall that a set function µ :Σ → [0,+∞] is called a σ -subadditive measure if
µ(∅) = 0, µ(A) µ(B) for any A ⊂ B and µ(⋃An)∑µ(An) for any sequence of sets
(An) ⊂ Σ . By χA we denote the characteristic function of the set A.
Definition 1.1. A functional ρ :E ×Σ → [0,+∞] is called a function modular if
(P1) ρ(0,E) = 0 for any E ∈ Σ ;
(P2) ρ(f,E) ρ(g,E) whenever |f (w)| |g(w)| for any w ∈ Ω , f,g ∈ E , E ∈ Σ ;
(P3) ρ(f, ·) :Σ → [0,+∞] is a σ -subadditive measure for every f ∈ E ;
(P4) ρ(α,A) → 0 as α decreases to 0 for every A ∈ P , where ρ(α,A) = ρ(αχA,A);
(P5) If there exists α > 0 such that ρ(α,A) = 0, then ρ(β,A) = 0 for every β > 0;
(P6) For any α > 0, ρ(α, ·) is order continuous on P , that is, ρ(α,An) → 0 if (An) ⊂ P
and decreases to ∅.
When ρ satisfies
(P′3) ρ(f, ·) :Σ → [0,+∞] is a σ -subadditive measure, we say that ρ is additive if
ρ(f,A ∪ B) = ρ(f,A) + ρ(f,B) whenever A,B ∈ Σ such that A ∩ B = ∅ and
f ∈M.
The definition of ρ is extended to all f ∈M by
ρ(f,E) = sup{ρ(g,E); g ∈ E, ∣∣g(w)∣∣ ∣∣f (w)∣∣ for every w ∈ Ω}.
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to hold ρ-almost everywhere (ρ-a.e.) if the set {w ∈ Ω : p(w) does not hold} is ρ-null.
For example, we will frequently say fn → f ρ-a.e., which means that {w ∈ Ω : f (w) 	=
limn fn(w)} is ρ-null. In the sequel we will identify sets A and B whose symmetric dif-
ference A
B is ρ-null. We will also identify measurable functions which differ only on a
ρ-null set.
In the above conditions, we define the functional ρ :M→ [0,+∞] given by ρ(f ) =
ρ(f,Ω). Then it is easy to check that ρ is a modular, that is, ρ satisfies the following
properties:
(i) ρ(f ) = 0 if and only if f = 0 ρ-a.e.;
(ii) ρ(αf ) = ρ(f ) for every scalar α with |α| = 1;
(iii) ρ(αf + βg) ρ(f ) + ρ(g) if α + β = 1 and α,β  0 for every f,g ∈M.
In addition, if the following property is satisfied:
(iii)′ ρ(αf + βg) αρ(f ) + βρ(g) if α + β = 1 and α,β  0 for every f,g ∈M,
we say that ρ is a convex modular.
The modular ρ defines the corresponding modular function space Lρ , which is given by
Lρ =
{
f ∈M: ρ(αf ) → 0 as α → 0}.
When ρ is convex, the formulas
‖f ‖l = inf
{
α > 0: ρ
(
f
α
)
 1
}
,
‖f ‖a = inf
{
1
k
(
1 + ρ(kf )): k > 0}
define two complete norms on Lρ which are called the Luxemburg norm and the Amemiya
norm, respectively. Thus (Lρ,‖ · ‖l ), (Lρ‖ · ‖a) are Banach spaces. Moreover, ‖ · ‖l , ‖ · ‖a
are equivalent norms. Indeed, ‖f ‖l  ‖f ‖a  2‖f ‖l for every f ∈ Lρ .
If we consider
L0ρ =
{
f ∈M: ρ(f, ·) is order continuous}
and
Eρ =
{
f ∈M: αf ∈ L0ρ for every α > 0
}
then Eρ ⊂ L0ρ ⊂ Lρ .
A function modular is said to satisfy the ∆2 condition if supn ρ(2fn,Dk) → 0 as
k → ∞, whenever (fn) ⊂M, Dk ∈ Σ decreases to ∅ and supn ρ(fn,Dk) → 0. It is known
that the ∆2 condition is equivalent to the equality Eρ = Lρ .
Definition 1.2. A function modular ρ is said to satisfy the ∆2-type condition if there exists
K > 0 such that for any f ∈ Lρ we have ρ(2f )Kρ(f ).
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general, they are not equivalent.
In the sequel, we will always assume that ρ is a convex modular with the ∆2-type
condition. Notice that the ∆2-type condition implies that 0 < ρ(kf ) < ∞ for every k > 0
provided 0 < ρ(f ) < ∞.
Let us recall some examples of modular function spaces (see [14, Chapter 4]).
Example 1.1. Orlicz–Musielak spaces: Let (Ω,Σ,µ) be a measure space where µ is a
positive σ -finite measure. Let us denote by P the δ-ring of all sets of finite measure. Define
the modular ρ by the formula
ρ(f,E) =
∫
E
φ
(
t,
∣∣f (t)∣∣)dµ(t)
provided φ belongs to the class Φ . For the precise definitions of the class Φ and prop-
erties of Musielak–Orlicz spaces see the book by Musielak [17], where they are called
generalized Orlicz spaces.
For an Orlicz–Musielak space, the ρ-null sets coincide with the sets of measure zero
in the sense of µ [14, Proposition 4.1.9]. Thus the convergence ρ-a.e. is equivalent to the
convergence almost everywhere.
If the modular is given by
ρ(f,E) =
∫
E
φ
(∣∣f (t)∣∣)dµ(t),
where φ is an Orlicz function, we have the Orlicz spaces. In particular, if φ(t) = tp for
1  p < +∞ we obtain the spaces Lp , where the Luxemburg norm is the classic norm
‖ · ‖p .
An Orlicz function φ is said to satisfy the ∆2-condition if there exists some positive con-
stant K > 0 such that φ(2x)Kφ(x) for every x  0. If φ is an Orlicz function satisfying
the ∆2-condition it is clear that the above modular ρ satisfies the ∆2-type condition.
Example 1.2. Suppose thatZ is a family of σ -additive measures on (Ω,Σ), and φ belongs
to the class Φ . Then
ρ(f,E) = sup
µ∈Z
∫
E
φ
(
t,
∣∣f (t)∣∣)dµ(t)
is a function modular. As an example of function spaces determined by a function modular
of this type we can mention Lorentz type Lp-spaces, where
ρ(f,E) = sup
τ∈J
∫
E
∣∣f (t)∣∣p dµτ .
Here µ is a fixed σ -finite measure on Ω , J is any set of measurable, invertible transfor-
mations τ :Ω → Ω and µτ (E) = µ(τ−1(E)).
580 M.A. Japón / J. Math. Anal. Appl. 295 (2004) 576–594Notice that the modular ρ is additive in Orlicz–Musielak spaces. In Example 1.2 this
property does not hold in general. In the case of Lorentz type Lp-spaces the modular ρ is
also additive.
Let X be a Banach space and τ a topology on X. We say that X has the uniform Opial
condition with respect to τ if rτ (c) > 0 for every c > 0, where rτ (·) is the Opial modulus
defined as
rτ (c) = inf
{
lim inf
n
‖xn + x‖ − 1
}
,
where the infimum is taken over all x ∈ X with ‖x‖ c and all sequences (xn) such that
τ - limn xn = 0 and lim infn ‖xn‖ 1.
It is said that the space X has the uniform Kadec–Klee property with respect to τ
(UKK(τ )) if for every  ∈ (0,2] there exists δ = δ() > 0 such that: if (xn) is a sequence
in the unit ball of X with sep(xn) = inf{‖xn − xm‖: n 	= m} >  and (xn) is τ -convergent
to x ∈ X, then ‖x‖ 1 − δ.
Associated to the uniform Kadec–Klee property we can define the following modulus:
Pτ () := inf
{
1 − ‖x‖: (xn) ∈ BX, τ - lim
n
xn = x and sep(xn) > 
}
.
It is clear that X has the uniform Kadec–Klee property with respect to τ if and only if
Pτ () > 0 for every  > 0.
In the particular case that X is a modular space, we can replace the convergence with
respect to a topology τ by convergence ρ-a.e. in the above definitions.
The uniform Opial condition and the uniform Kadec–Klee property are geometric prop-
erties which are strongly connected with the existence of fixed points for some kind of
mappings.
If X is a Banach space and C is a nonempty, bounded subset of X, we recall that
a mapping T :C → C is said to be of asymptotically nonexpansive type [13] if T N is
continuous for some integer N  1 and, for each x ∈ C, the following inequality holds:
lim sup
n
(
sup
{‖T nx − T ny‖ − ‖x − y‖: y ∈ C}) 0.
It is immediately clear that this class of mappings includes the class of asymptotically
nonexpansive mappings [8], i.e., the mappings satisfying the condition
‖T nx − T ny‖ kn‖x − y‖ for x, y ∈ C and n = 1,2, . . . ,
where {kn} is a sequence of real numbers with limn kn = 1. In particular, it includes all
nonexpansive mappings T :C → C, that is, mappings for which ‖T x −Ty‖ ‖x −y‖ for
all x, y ∈ C. Finally, we say that a mapping T :C → C is said to be asymptotically regular
if limn ‖T n+1x − T nx‖ = 0 for every x ∈ C.
In [5] and [6] the authors study some fixed point results in modular function spaces
when the mapping is asymptotically regular or asymptotically nonexpansive. However, the
definitions that they use for these classes of mappings are given in terms of the modular ρ
instead of using the norm.
M.A. Japón / J. Math. Anal. Appl. 295 (2004) 576–594 5812. Technical results
In this section we introduce and prove some technical results which will be used
throughout the paper. Let us begin by recalling the following lemma which will be very
important in Section 3.
Lemma 2.1 [12]. Let ρ be a convex additive function modular satisfying the ∆2 condition
and let (fn) be a sequence in Lρ such that fn → 0 ρ-a.e. Assume that there exists k > 1
such that supn ρ(kfn) < +∞. Then
lim inf
n
ρ(fn + g) = lim inf
n
ρ(fn) + ρ(g) for all g ∈ Lρ.
Definition 2.2. The growth function wρ of a function modular ρ is defined as follows:
wρ(t) := sup
{
ρ(tf )
ρ(f )
: 0 < ρ(f ) < +∞
}
for all t  0.
Lemma 2.3 [5]. Let ρ be a convex function modular with the ∆2-type condition. Then the
growth function wρ has the following properties:
(1) wρ(t) < +∞ for every t ∈ [0,+∞);
(2) wρ : [0,+∞)→ [0,+∞) is a convex, strictly increasing function, so, it is continuous;
(3) wρ(αβ)wρ(α)wρ(β) for all α,β  0;
(4) w−1ρ (α)w−1ρ (β)w−1ρ (αβ) for all α,β  0, where w−1ρ is the inverse function of wρ ;
(5) ‖f ‖l  1/w−1ρ (1/ρ(f )) whenever f ∈ Lρ .
Lemma 2.4. Let ρ be a convex function modular with the ∆2-type condition. For every
 > 0, there exists δ > 0 such that ‖f ‖ <  if ρ(f ) < δ, where ‖ · ‖ denotes either the
Luxemburg or the Amemiya norm.
Proof. Given  > 0, take δ := 1/wρ(1/) and use that w−1ρ is an increasing function.
If ρ(f ) < δ then ‖f ‖l <  by Lemma 2.3(5). For the Amemiya norm we use that it is
equivalent to the Luxemburg norm. 
The following result is a generalization of Lemma 3 in [4] which was given for Orlicz
function spaces.
Lemma 2.5. Let ρ be a convex additive function modular with the ∆2-type condition. Let
(fn) be a sequence in the function modular space Lρ and assume that fn → 0 ρ-a.e. Let f
be a given function in Lρ . Then for every  > 0 there exist a subsequence (fnk ), a sequence
(gk) ⊂ Lρ and a function g ∈ Lρ such that
lim
k
‖fnk − gk‖ = 0, suppgk ∩ suppg = ∅ for k ∈N and ‖f − g‖ < ,
where ‖ · ‖ denotes either the Luxemburg norm or the Amemiya norm.
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proved in [14, Theorem 2.3.4]: Let fn,f ∈M and fn → f ρ-a.e. Then there exists a non-
decreasing sequence of sets Hk ∈ P such that ⋃k Hk = Ω and (fn) converges uniformly
to the function f on every Hk .
Since the given sequence (fn) converges to 0 ρ-a.e., we can assume that there exists a
sequence of sets Ωk ∈ P such that ⋃k Ωk = Ω , Ωk ∩ Ωl = ∅ if k 	= l and (fn) converges
uniformly to the null function on every Ωk .
On the other hand, the ∆2-type condition of the modular implies that ρ(f ) < +∞ for
every function f ∈ Lρ , and we have ρ(f ) =∑k ρ(f,Ωk) because ρ is additive.
Given  > 0 consider the corresponding δ > 0 given in Lemma 2.4.
Thus, there exists a positive integer k0 such that∑
k>k0
ρ(f,Ωk) < δ.
Let (n) be a sequence in (0,1) with limn n = 0 and for every n ∈ N we take the
corresponding δn given by Lemma 2.4.
By (P4), ρ(α,
⋃k0
k=1 Ωk) → 0 as α decreases to 0. Thus there is α0 > 0 such that
ρ
(
α0,
k0⋃
k=1
Ωk
)
< δ1/2.
Using that (fn) converges uniformly to 0 in
⋃k0
k=1 Ωk , there exists n1 ∈ N such that for
every n n1, we have |fn(x)| α0 for every x ∈⋃k0k=1 Ωk .
Consider the function fn1 ∈ Lρ and a positive integer k1 > k0 such that∑
k>k1
ρ(fn1 ,Ωk) <
δ1
2
.
Define the function g1 = fn1χ⋃k1
k>k0
Ωk
∈ Lρ , so
ρ(g1 − fn1) = ρ
(
fn1 ,
k0⋃
k=1
Ωk ∪
∞⋃
k>k1
Ωk
)
= ρ
(
fn1 ,
k0⋃
k=1
Ωk
)
+ ρ
(
fn1 ,
∞⋃
k>k1
Ωk
)
 ρ
(
α0,
k0⋃
k=1
Ωk
)
+
∞∑
k>k1
ρ(fn1 ,Ωk)
δ1
2
+ δ1
2
= δ1,
which implies that ‖fn1 − g1‖ 1.
Suppose that, by induction, we have constructed two finite sequences of positive integers
k0 < k1 < · · · < kl−1, n1 < n2 < · · · < nl−1 with ρ(gi − fni )  δi for i = 1, . . . , l − 1,
where the function gi is defined by
gi = fni χ⋃ki Ωk .k>ki−1
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⋃kl−1
k=1 Ωk) < δl/2. Since (fn) converges uni-
formly to the null function on
⋃kl−1
k=1 Ωk , we can find nl > nl−1 such that |fnl (x)| αl for
every x ∈⋃kl−1k=1 Ωk . Also we can find kl > kl−1 with∑
k>kl
ρ(fnl ,Ωk) <
δl
2
.
Using the above arguments, we define the function gl = fnl χ⋃kl
k>kl−1 Ωk
∈ Lρ and obtain
ρ(gl − fnl ) δl . Therefore ‖gl − fnl‖ l so limk ‖gk − fnk‖ = 0.
Define now the function
g = f χ⋃k0
k=1 Ωk
∈ Lρ.
It is clear that suppgk ∩ suppg = ∅ for every k ∈ N. Moreover
ρ(f − g)
∑
k>k0
ρ(f,Ωk) < δ,
which implies that ‖f − g‖ < . 
3. Modular spaces and uniform Kadec–Klee property
In this section we consider the space Lρ endowed with the Luxemburg norm and we
prove that it satisfies the uniform Kadec–Klee property with respect to the convergence
ρ-a.e.
The main result of this section is the following
Theorem 3.1. Let ρ be a convex additive function modular with the ∆2-type condition.
Then the Banach space Lρ has the uniform Kadec–Klee property with respect to the con-
vergence ρ-a.e. Moreover, for every  > 0,
Pρ() 1 − 1
w−1ρ
( 1
1−1/2wρ(1/)
) .
Proof. Fix  > 0. Let (fn) be a sequence in the unit ball of Lρ with sep(fn) > . Assume
that (fn) is convergent to some f ∈ Lρ ρ-a.e. Consider any real number γ > 0 and define
gn := fn/(1 + γ ) and g := f/(1 + γ ). In this case ‖gn‖l < 1 so ρ(gn)  ‖gn‖ < 1 for
every n ∈ N.
Define ′ := /(1 + γ ). Since ‖gn − gm‖l > ′ for every n 	= m, we know that ρ((gn −
gm)/
′) > 1 for every n 	= m. This implies that
wρ
(
1
′
)
= sup
{
ρ
( 1
′ f
)
ρ(f )
: 0 < ρ(f ) < ∞
}

ρ
(gn−gm
′
)
ρ(gn − gm) >
1
ρ(gn − gm)
and consequently ρ(gn − gm) > 1/wρ(1/′) for every n 	= m.
If we consider m ∈ N and we use Lemma 2.1 we obtain
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wρ(1/′)
 lim inf
n
ρ(gn − gm) = lim inf
n
ρ
(
(gn − g) − (gm − g)
)
= lim inf
n
ρ(gn − g) + ρ(gm − g).
If we let m go to infinity we deduce that
lim inf
n
ρ(gn − g) 12wρ(1/′) .
On the other hand, using again Lemma 2.1 we have
lim inf
n
ρ(gn) = lim inf
n
ρ(gn − g + g) = lim inf
n
ρ(gn − g) + ρ(g).
Thus
0 ρ(g) = lim inf
n
ρ(gn) − lim inf
n
ρ(gn − g) 1 − 12wρ(1/′) .
Using Lemma 2.3(5) and the fact that the function w−1ρ is increasing we finally deduce
‖f ‖l  (1 + γ ) 1
w−1ρ
( 1
1−1/2wρ((1+γ )/)
) .
Since γ > 0 is arbitrary and the functions wρ and w−1ρ are continuous, we deduce that
‖f ‖l  1
w−1ρ
( 1
1−1/2wρ(1/)
) := 1 − δ().
In order to finish the proof we have to check that 1 − δ() < 1. Having in mind that
wρ is an increasing function and that wρ(1) = 1 the above inequality holds if and only if
wρ(1/) > 0. This condition is satisfied due to the ∆2-type condition. Indeed, since we are
assuming that there exists some K > 0 such that ρ(2f )Kρ(f ) for every f ∈ Lρ , notice
that
wρ
(
1
2
)
= sup
{
ρ(f/2)
ρ(f )
: 0 < ρ(f ) < ∞
}
 1
K
> 0.
But  ∈ (0,2] implies that 1/  1/2 so wρ(1/)wρ(1/2) > 0 as we wanted to prove.
Remark 3.2. When the modular space is the space Lp for some 1 p < +∞, the conver-
gence ρ-a.e. is the convergence almost everywhere. In this case we know the exact value of
the above modulus: Pρ() = 1 − (1 − p/2)1/p [11]. Notice that the lower bound obtained
in Theorem 3.1 coincides with this value in this case.
Remark 3.3. Recall that a Banach space X has the Kadec–Klee property w.r.t. a topology τ
if verifies the following: If (xn) is a sequence in X such that ‖xn‖ → ‖x‖ and τ - limxn = x ,
then limn xn = x in norm. The uniform Kadec–Klee property is stronger than the Kadec–
Klee property.
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studied in the particular case of Orlicz spaces and the topology of convergence locally in
measure (clm) (see [9] or [2]). They prove that if (Ω,σ,µ) is a σ -finite measure space
and the Orlicz function φ satisfies the ∆2 condition, then the Orlicz space Lφ(µ) has
the Kadec–Klee property w.r.t. the clm topology. If an Orlicz function φ satisfies the ∆2
condition we know that the corresponding modular ρ satisfies the ∆2-type condition. Thus,
from Theorem 3.1 we obtain that the Orlicz space has the uniform Kadec–Klee property
w.r.t. the clm topology. This improvement will be essential in Section 5 to obtain fixed
point results for different types of mappings defined on Orlicz spaces.
4. Modular spaces and uniform Opial condition
In this section we consider the function modular space Lρ endow with the Luxemburg
and the Amemiya norm. In both cases we prove that Lρ has the uniform Opial condition
when we use the convergence ρ-a.e.
Theorem 4.1. Let ρ be a convex additive function modular with the ∆2-type condition.
Endow Lρ with the Luxemburg norm. Then (Lρ,‖ · ‖l ) has the uniform Opial condition
w.r.t. the convergence ρ-a.e. In particular, for every c > 0,
1 + rρ(c)w−1ρ
(
1 + 1
wρ(1/c)
)
.
Proof. Consider c > 0. Let (fn) be a sequence in Lρ such that fn → 0 ρ-a.e. and
lim infn ‖fn‖l  1. Consider a function f ∈ Lρ with ‖f ‖l  c. We apply Lemma 2.5 to the
sequence (fn) and some  ∈ (0, c) so there exist a subsequence (fnk ) ⊂ (fn), a sequence
(gk) ⊂ Lρ and a function g ∈ Lρ such that limk ‖fnk − gk‖l = 0, suppgk ∩ suppg = ∅ for
k ∈ N and ‖f − g‖l < . We can also assume that lim infn ‖fn + f ‖l = limk ‖fnk + f ‖l .
Consequently, lim infk ‖gk‖l  1 and ‖g‖l  c − .
Fix t ∈ (0,1) and define the functions h = g/t and hk = gk/t for k ∈ N. We know that
‖h‖l > c −  and ‖hk‖l > 1 for k large enough.
Set
γ := w−1ρ
(
1 + 1
wρ(1/(c − ))
)
.
Using the properties of the modular ρ, the definition of the growth function wρ(·) and
Lemma 2.3(3), we have
ρ
(
hk + h
γ
)
= ρ
(
hk + h
γ
, supp(hk) ∪ supp(h)
)
= ρ
(
hk + h
γ
, supp(hk)
)
+ ρ
(
hk + h
γ
, supp(h)
)
= ρ
(
hk
, supp(hk)
)
+ ρ
(
h
, supp(h)
)
= ρ
(
hk
)
+ ρ
(
h
)γ γ γ γ
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wρ(γ)
ρ(hk) + 1
wρ(γ/(c − ))ρ
(
h
c − 
)
>
1
wρ(γ)
+ 1
wρ(γ)wρ(1/(c − ))
= 1
wρ(γ)
[
1 + 1
wρ(1/(c − ))
]
= 1.
Thus lim infk ‖gk + g‖l  tγ . Letting t go to 1 we deduce lim infk ‖gk + g‖l  γ .
On the other hand, lim infn ‖fn + f ‖l = limk ‖fnk + f ‖l  lim infk ‖gk + g‖l −
limk ‖fnk − gk‖l −‖f − g‖l  γ − . Since  is arbitrary and the functions wρ(·), w−1ρ (·)
are continuous, we finally deduce
lim inf
n
‖fn + f ‖l w−1ρ
(
1 + 1
wρ(1/c)
)
and we obtain the desired lower bound for 1 + rρ(c). This implies that (Lρ,‖ · ‖l ) has the
uniform Opial condition w.r.t. the convergence ρ-a.e. 
Remark 4.2. Assume that ρ is the modular ρ(f ) = ∫Ω |f |p dµ for some 1  p < +∞.
Then the space Lρ is the classical space Lp(µ) and the convergence ρ-a.e. is the con-
vergence a.e., which is equivalent to the convergence w.r.t. the topology of convergence
locally in measure (clm). In this case it is known that the value of Opial modulus with
respect to the clm topology is 1 + rclm(c) = (cp + 1)1/p which is the exact value that we
obtain in Theorem 4.1 for this case.
Theorem 4.3. Let ρ be a convex additive function modular with the ∆2-type condition.
Endow Lρ with the Amemiya norm. Then (Lρ,‖ · ‖a) has the uniform Opial condition
w.r.t. the convergence ρ-a.e. In particular, for every c > 0,
1 + rρ(c)w−1ρ
(
1 + 1
wρ(1/c)
)
.
Proof. Consider a sequence (fn) ⊂ Lρ with fn → 0 ρ-a.e., lim infn ‖fn‖a  1 and a func-
tion f ∈ Lρ with ‖f ‖a  c. By Lemma 2.5 and using the same arguments as in the proof
of Theorem 4.1, we can assume that supp(fn)∩suppf = ∅ and ‖fn‖a  1 for every n ∈N.
Recall that ‖g‖a = inf{(1/k)(1 + ρ(kg)): k > 0} for every g ∈ Lρ . Then if g is a func-
tion in Lρ with ‖g‖a  1 we have that ρ(kg) k − 1 for every k > 0.
Set
γ := w−1ρ
(
1 + 1
wρ(1/c)
)
and fix k > 0. Using some properties of the modular ρ and the growth function wρ(·), we
have
1
k
(
1 + ρ
(
k(fn + f )
γ
))
= 1
k
(
1 + ρ
(
kfn
γ
)
+ ρ
(
kf
γ
))
 1
(
1 + ρ(kfn) + ρ(kf/c)
)
 1
(
1 + k − 1 + k − 1
)
k wρ(γ ) wρ(γ /c) k wρ(γ ) wρ(γ /c)
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k
(
1 + (k − 1)
[
1
wρ(γ )
+ 1
wρ(γ )wρ(1/c)
])
= 1
k
(
1 + (k − 1)
wρ(γ )
[
1 + 1
wρ(1/c)
])
= 1.
Taking infimum when k > 0 we deduce lim infn ‖fn +f ‖a  γ and the theorem is proved.
Remark 4.4. In the particular case of function Orlicz spaces, a lower bound for the Opial
modulus with respect to the clm topology is given in [4]. In order to do that, the authors
introduce the function
a(δ) = inf
{
φ−1(t)
φ−1(δt)
: t > 0
}
,
where φ is the Orlicz function and they obtain
1 + rclm(c) a
(
1
1 + a−1(1/c)
)
for every c > 0 and for both the Luxemburg norm and the Amemiya norm.
It would be suitable to compare the bounds given in [4] with the ones obtained in The-
orems 4.1 and 4.3. Let us check that we have obtained better lower bounds for the Opial
modulus in the case of Orlicz spaces than those obtained in [4]. In order to do that let us
prove that
w−1ρ
(
1 + 1
wρ(1/c)
)
 a
(
1
1 + a−1(1/c)
)
(∗)
for every c > 0, where wρ(·) is the growth function associated to an Orlicz function φ.
Define
γ := a
(
1
1 + a−1(1/c)
)
and we use that a−1(a(δ)) = δ and the inequality
φ(s) 1
a−1(θ)
φ
(
s
θ
)
for every positive numbers δ, θ, s (see Lemma 1 in [4]). Let f ∈ Lφ and x ∈ Ω . Then
φ
(
γ
∣∣f (x)∣∣) 1
a−1(γ )
φ
(∣∣f (x)∣∣).
Thus
∫
φ(γ |f |) dµ/ ∫ φ(|f |) dµ 1/a−1(γ ). Taking supremum over all f ∈ Lφ , we ob-
tain
wρ(γ )
1
a−1(γ )
= 1 + a−1
(
1
c
)
. (1)
On the other hand, given f ∈ Lφ and x ∈ Ω ,
φ
(
1 ∣∣f (x)∣∣) 1−1 φ(∣∣f (x)∣∣).c a (1/c)
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wρ
(
1
c
)
 1
a−1(1/c)
. (2)
From (1) and (2) we have
wρ(γ ) 1 + 1
wρ(1/c)
⇒ γ w−1ρ
(
1 + 1
wρ(1/c)
)
and we obtain (∗).
Furthermore, in [4] we can find some examples of Orlicz function spaces where the
value 1 + rclm(1) is exactly equal to a(1/2). From the above relationship between the
functions a(·) and wρ(·), we deduce that the value w−1ρ (2) is exactly the value of 1 + rρ(1)
in some modular function spaces.
5. Fixed point results in modular function spaces
In this section we are going to apply the results obtained in Sections 3, 4 to obtain fixed
point theorems for different types of mappings defined on modular function spaces.
Recall that if X is a Banach space, τ a topology on X and (xn) a norm-bounded se-
quence on X with τ - limn xn = 0, we define the τ -null type function as
Γ (x) = lim sup
n
‖xn − x‖ for every x ∈ X.
We say that the τ -null type function Γ (·) is τ -sequentially lower semicontinuous if it
verifies the following: If (ym) is a sequence in X with τ - limm ym = y then Γ (y) 
lim infm Γ (ym).
Using the same proof of Theorem 5.1 in [16] we can deduce the following result.
Theorem 5.1. Let X be a Banach space endowed with a topology τ which is weaker than
the norm topology, τ -sequential compactness and τ -compactness are identical and such
that functions of τ -null type are τ -sequentially lower semicontinuous. Assume that X has
the uniform Opial condition w.r.t. τ . Let C be a convex bounded τ -compact subset of X
and T :C → C an asymptotically nonexpansive mapping. Then T has a fixed point.
The above fixed point result can be improved when the Banach space X has the uni-
form Kadec–Klee property with respect to the topology τ . Using the same proof as in
Theorem 1.1 in [18] we deduce:
Theorem 5.2. Let X be a Banach space endowed with a topology τ which is weaker than
the norm topology, τ -sequential compactness and τ -compactness are identical and such
that functions of τ -null type are τ -sequentially lower semicontinuous. Let C be a con-
vex bounded and τ -compact subset of X. Let T :C → C be a mapping of asymptotically
nonexpansive type. If X is UKK(τ ), then T has a fixed point.
M.A. Japón / J. Math. Anal. Appl. 295 (2004) 576–594 589In the proof of the above results the τ -compactness of the domain is very important
because it is necessary to apply Zorn’s lemma.
When the function modular ρ satisfies the ∆2-type condition and it is σ -finite (i.e., there
exists an increasing sequence of sets Kn ∈P such that 0 < ρ(χKn) < ∞ with Ω =
⋃
Kn),
a topology on Lρ can be defined for which the convergence and the convergence ρ-a.e.
are, in some way, equivalent. Indeed, we define
dρ(f, g) =
∞∑
n=1
1
2n
1
ρ(χKn)
ρ
( |f − g|
1 + |f − g|χKn
)
for every f,g ∈ Lρ.
In [6] it is proved that dρ defined a topology τρ on Lρ for which τρ -sequential compactness
and τρ -compactness are identical. Also the ρ-a.e. convergence and the convergence with
respect to τρ are connected by the following relationships: If (fn) is ρ-a.e. convergent to f
then τρ- limn fn = f . Moreover, if τρ- limn fn = f then there exists a subsequence (fnk )k
which converges to f ρ-a.e.
Therefore, when the modular function ρ is σ -finite and satisfies the ∆2-type condition,
we have proved in the previous sections that the modular space Lρ has the uniform Kadec–
Klee property w.r.t. the τρ topology. In the case of the uniform Opial condition, we have
proved that Lρ satisfies this property for both the Luxemburg norm and the Amemiya
norm.
Thus, if we want to apply Theorems 5.1 and 5.2 to the modular space Lρ endowed with
either the Luxemburg norm or the Amemiya norm, we have to show that the corresponding
τρ -null type functions are sequentially lower semicontinuous w.r.t. the convergence ρ-a.e.
These will be our next two results.
Lemma 5.3. Let ρ be a convex additive function modular which satisfies the ∆2-type con-
dition and consider Lρ endowed with the Luxemburg norm. Then τρ -null type functions
are sequentially lower semicontinuous w.r.t. the convergence ρ-a.e.
Proof. Fix (fn) a bounded sequence of Lρ which converges the null function ρ-a.e. Let
(gm) be a sequence in Lρ which is convergent to some g ∈ Lρ ρ-a.e. Our goal is to prove
that
lim sup
n
‖fn − g‖l  lim inf
m
lim sup
n
‖fn − gm‖l .
Set l := lim infm lim supn ‖fn − gm‖l and fix  > 0. There exist a subsequence (gmi ) and
some i0 ∈ N such that lim supn ‖fn − gmi‖l < l +  for every i  i0. By definition of the
Luxemburg norm we have that lim supn ρ((fn − gmi )/(l + )) 1 for every i  i0. Taking
limits when i goes to infinity lim supi lim supn ρ((fn − gmi )/(l + )) 1.
On the other hand, from Lemma 2.1 it can be proved that the functional given by Φ(g) =
lim supn ρ(fn − g) is sequentially lower semicontinuous w.r.t. the convergence ρ-a.e. (see
Lemma 3.1 in [6]). Therefore we have
lim supρ
(
fn − g
)
 lim inf lim supρ
(
fn − gmi
)
 1.n l +  l +  i n l +  l + 
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lim sup
n
ρ
(
fn − g
l + 
)
 1
which implies that lim supn ‖fn − g‖l  l + . Since  is arbitrary we obtain the desired
inequality. 
Lemma 5.4. Let ρ be a convex additive function modular which satisfies the ∆2-type con-
dition and consider Lρ endowed with the Amemiya norm. Then τρ -null type functions are
sequentially lower semicontinuous w.r.t. the convergence ρ-a.e.
Proof. Let (fn) be a bounded sequence in Lρ such that fn →n 0ρ-a.e. Consider (hm) a
sequence in Lρ and h ∈ Lρ such that hm →m h ρ-a.e. We have to prove that
lim sup
n
‖fn − h‖a  lim inf
m
lim sup
n
‖fn − hm‖a.
Taking a subsequence, if necessary we can assume that limm lim supn ‖fn − hm‖a exists.
Fixed  > 0. We apply Lemma 2.5 to the sequence (hm − h) and the function h.
We recall that the proof of Lemma 2.5 begins by choosing δ > 0 as in Lemma 2.4
and taking k0 ∈ N such that ∑k>k0 ρ(h,Ωk) < δ. We define the function H := hχ⋃k0
k=1 Ωk
so that ‖h − H‖a < . Following the steps of the proof of Lemma 2.5 we construct a
subsequence, denoted again by (hm − h), and a sequence (H ′m) such that
lim
m
∥∥H ′m − (hm − h)∥∥a = 0, supp(H ′m) ∩ supp(H) = ∅. (1)
Notice that, by construction, the sequence (H ′m) tends to 0 ρ-a.e. Define Hm = H ′m +H
and assume that the inequality
lim sup
n
‖fn − H‖a  lim inf
m
lim sup
n
‖fn − Hm‖a (∗∗)
holds. Since lim supn ‖fn − h‖a  lim supn ‖fn − H‖a +  by (1), from (∗∗) we have
lim sup
n
‖fn − h‖a  lim inf
m
lim sup
n
‖fn − Hm‖a + 
 lim inf
m
lim sup
n
(‖fn − hm‖a + ‖hm − Hm‖a)+ . (2)
Using (1),
lim inf
m
‖hm − Hm‖a = lim inf
m
‖hm − H ′m − H‖a
 lim inf
m
‖hm − H ′m − h‖a + ‖H − h‖a < .
By (2), lim supn ‖fn −h‖a  lim infm lim supn ‖fn −hm‖a +2 and since  is arbitrary we
obtain the desired result.
Thus, we have to prove the inequality (∗∗).
Set γ := lim infm lim supn ‖fn − Hm‖a and fix ′ > 0. Then there exists m0 ∈ N such
that
lim sup‖fn − Hm0‖a < γ + ′.
n
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going to apply Lemma 2.5 to the sequence (fn), the function Hm0 and the given ′.
As before, we begin by taking the corresponding δ′ > 0 given by Lemma 2.4. Take an
integer km0 > k0 such that
∑
k>km0
ρ(Hm0,Ωk) < δ
′ and define
G = Hm0χ⋃km0
k=1 Ωk
= (H + H ′m0)χ⋃km0
k=1 Ωk
= H +H ′m0χ⋃km0
k>k0
Ωk
.
Thus, by Lemma 2.5 we construct a subsequence, denoted again by (fn), and a sequence
(Gn) such that
lim
n
‖fn − Gn‖a = 0, supp(Gn) ∩ supp(G) = ∅, and ‖Hm0 − G‖ < . (3)
By construction we also have that supp(G − H)∩ suppH = ∅ and suppGn ∩ suppH = ∅
for every n ∈N.
Applying the triangular inequality and (3), we have lim supn ‖Gn − G‖a < γ + 2′.
Then there exists some n0 ∈ N such that for every n n0, ‖Gn −G‖a < γ +2′. Consider
n  n0. Using now the Amemiya norm, there is some positive k (which depends on Gn
and G) such that 1/k(1 + ρ(k(Gn − G))) < γ + 2′. Therefore
γ + 2′ > 1
k
(
1 + ρ(k(Gn − G)))= 1
k
(
1 + ρ(kGn) + ρ(kG)
)
= 1
k
(
1 + ρ(kGn) + ρ
(
k(G − H)+ kH ))
= 1
k
(
1 + ρ(kGn) + ρ
(
k(G − H))+ ρ(kH))
= 1
k
(
1 + ρ(k(Gn − H))+ ρ(k(G − H)))
 1
k
(
1 + ρ(k(Gn − H))) ‖Gn − H‖a,
where the last inequality is due to fact that ‖Gn −H‖a = infk>0(1/k)(1+ρ(k(Gn−H))).
Thus we have proved that for every n n0, ‖Gn − H‖a < γ + 2′, so lim supn ‖Gn −
H‖a < γ + 2′. Applying (3) and the triangular inequality we finally deduce
lim sup
n
‖fn − H‖ < γ + 2′.
Since ′ is arbitrary we have the inequality (∗∗) and the lemma is proved. 
Corollary 5.5. Let ρ be a convex σ -finite additive modular which satisfies the ∆2-type
condition. Let C be a convex bounded τρ -compact subset of Lρ and T :C → C a mapping.
Then T has a fixed point if one of the following conditions is satisfied:
(a) T is a mapping of asymptotically nonexpansive type for the Luxemburg norm;
(b) T is asymptotically nonexpansive for the Amemiya norm.
Furthermore, we can obtain common fixed points for a countable commuting family of
asymptotically nonexpansive mappings. If we review the proof of Theorem 4 in [7] and
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lower semicontinuity of the τρ -null type functions, we deduce:
Corollary 5.6. Let ρ be a convex σ -finite additive modular which satisfies the ∆2-type
condition and let C be a convex bounded τρ -compact subset of Lρ . Then for any countable
commuting family G of asymptotically nonexpansive self-mappings of C, the common fixed
point set of G is a nonempty nonexpansive retract of C.
In the sequel, we are going to obtain fixed point results for asymptotically regu-
lar mappings. If C is a subset of a Banach space and T :C → C we define |T | as its
Lipschitz constant, i.e., |T | = sup{‖T x − Ty‖/‖x − y‖: x, y ∈ C, x 	= y} and define
s(T ) = lim infn |T n|, where by (T n) we denote the sequence of iterates mappings of T .
The following result can be found in [3, Corollary 3].
Theorem 5.7. Let X be a Banach space and τ a linear topology on X weaker than the
norm topology and assume that the norm is a τ -sequentially lower semicontinuous. Let
C be a nonempty convex bounded τ -sequentially compact subset of X and T :C → C an
asymptotically regular mapping. Then T has a fixed point if s(T ) < 1 + rτ (1).
We want to apply the above result to modular function spaces. Reviewing the proof of
Theorem 5.7, we can check that the same holds if the norm is lower sequentially semi-
continuous with respect to the convergence ρ-a.e. and the set C is bounded, convex and
ρ-sequentially compact. We say that a set C ⊂ Lρ is ρ-sequentially compact if every se-
quence in C contains a subsequence ρ-a.e. convergent.
It is not difficult to check that if the τ -null type functions are lower sequentially semi-
continuous for the convergence ρ-a.e. then the norm also satisfies this property. Thus, due
to the uniform Opial condition obtained in Theorems 4.1 and 4.3, we can state
Corollary 5.8. Let ρ be a convex additive modular which satisfies the ∆2-type condition.
Let C be a nonempty bounded ρ-sequentially compact subset of Lρ and let T :C → C
be an asymptotically regular mapping. Then T has a fixed point if s(T ) < w−1ρ (2), where
s(T ) can be computed using either the Luxemburg or the Amemiya norm.
Remark 5.9. In general, the result obtained in Corollary 5.8 is not true if we change the
ρ-sequential compactness of the domain by weak compactness (see [4, Remark 1]). On
the other hand, Corollary 5.8 provides the best estimate for s(T ) to assure fixed points for
asymptotically regular mappings. Indeed, if we consider the counting measure, the space
1 is a modular space and the convergence ρ-a.e. is equivalent to convergence w.r.t. the
σ(1, c0) topology for bounded sequences. In [1, Example 3.4] we can find a fixed point
free asymptotically regular mapping T :C → C, where C is a σ(1, c0)-compact subset of
1 and satisfying s(T ) = 2. Notice that 2 is the value of w−1ρ (2) for this case.
We have already obtained fixed point results for nonexpansive mappings from Corol-
lary 5.5. However, we are able to obtain stability of the fixed point property for nonex-
pansive mappings in the following sense: Let (X,‖ · ‖) be a Banach space and T :C → C
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on X. Does T have a fixed point?
It is known that if C is a convex bounded subset of a Banach space X, and T :C → C
is a nonexpansive mapping, then λT + (1 − λ)I :C → C is asymptotically regular for
every λ ∈ (0,1) [10]. Thus, in order to find fixed points for a nonexpansive mapping we
can always assume that it is also asymptotically regular and notice that the asymptotic
regularity is preserved under isomorphisms. Therefore we can state
Corollary 5.10. Let ρ be a convex additive modular with the ∆2-type condition. Let C
be a convex bounded ρ-a.e. sequentially compact subset of Lρ and T :C → C a map-
ping. Assume that there exists an equivalent norm | · | on Lρ such that there are some
positive constants di with |x|  ‖x‖i  di|x| for every x ∈ Lρ , where i = l, a. If T is
| · |-nonexpansive and some di < w−1ρ (2) then T has a fixed point.
Remark 5.11. Consider the modular space 1 and the equivalent norm |x| = max{‖x+‖1,
‖x−‖1}. Notice that |x| ‖x‖1  2|x| for every x ∈ 1. In [15] we can find a fixed point
free | · |-nonexpansive mapping form a convex σ(1, c0)-compact subset of 1 into itself.
This fact shows that, in general, Corollary 5.10 provides, for modular spaces, the best
stability bound for the fixed point property for nonexpansive mappings.
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